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Set Theory

Set: Collection of objects (“elements/members”)

acA

agA
A={a, a, ..., a,}
Order of elements is meaningless

It does not matter how often the same element is
listed. (generally there are no repetitions)
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Examples for Sets

Natural numbers N ={0, 1, 2, 3, ...}
ntegersZ2=4{...,-2,-1,0,1, 2, ...}

Positive Integers Z* ={1, 2, 3, 4, ...}

Real Numbers R ={47.3, -12, &, ...}

Rational Numbers Q ={1.5, 2.6, -3.8, 15, ...}

Positive Real Numbers R*

Complex Numbers C




o A:@

Examples for Sets

: A=z}
« A={{Db, c}, {c, x, d}}

* A={X Y

« A={x|xeNAx>7}={8,9, 10, ...}
 [a,b]={x|x=aAx<Dh}

e (ab)={x|x>aAx<Db}




Examples for Sets

»Q ={a/b|aeZ Abel"}

»Q ={a/b|acZ AbeZ A bx0}

>

»R ={r | ris areal number}




Subsets

»rAc B

»A c B if and only if every element of A Is also
an element of B.

>

»Ac B < VX (XeA - xeB)

>
A={3,9},B={5,9,1, 3}, AcB? true
A={3,3,3,9,B={5,9,1,3}, AcB? true

A={1, 2, 3}, B={2, 3, 4}, AcB? false




Subsets

c A=B< (AcB)A(BcCA)
c AcB)ABcC)=AcC

()




Subsets

>

« @ c Aforany set A
« Ac Aforanyset A

» AcB
» Ac B < VX (XxeA - xeB) A Ix (xeB A xgA)

» Ac B < VX (XxeA - xeB) A =VX (XeB — xeA)

OOOOOO



Set Equality

»Sets A and B are equal if and only if they contain
exactly the same elements. Vx(x € A & x € B)
(ASB)A(B S A)

| 2
*A=1{9,2,7,-3},B={7,9,-3,2}: A=B

* A = {dog, cat, horse},
B = {cat, horse, squirrel, dog} : A+B

* A= {dog, cat, horse},
B = {cat, horse, dog, dog} : A=B

OOOOOO



Cardinality of Sets

»If a set S contains n distinct elements, neN,

we call S a with

>

A = {Mercedes, BMW, Porsche}, Al =3

B ={1, {2, 3}, {4, 5}, 6} B| =4
C=0 C|=
D={xeN|x <7000} D| = 7001

E={xeN | x> 7000} E is infinite!

10




The Power Set

» 2A P(A)
» 2A={B | B c A}

>

» A={XY, z}
» 28={D, {x}, {y}, {z}, {x, v}, I, zZh {y, z} {x, vy, 2}}
» A=

- 28 = {2)

>

11
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The Power Set
> | 2A | = 21Al
* Imagine each element in A has an “on/off” switch

« Each possible switch configuration in A corresponds
to one element in 24

Al1| 2! 3/4|5|86| 7| 8
XX | X | X X X X | X | X
Yy !y |!'y| vy vy Y'Y Y'Y
yA zZ | Z | Z zZ  Z zZ | Z Z

 For 3 elements in A, there are 2x2x2 = 8 elements in 24
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Cartesian Product

»The (a,, a,, as, ..., &,) Is an
of objects.
» Two ordered n-tuples (a,, a,, as, ..., a,) and
(b,, b,, bs, ..., b)) are equal if and only if they
contain exactly the same elements
e, a=bforl<i<n.

»The of two sets is defined as:
»AxB ={(a, b) | acA A beB}
> A={x,vy},B={a, b, c}

AxB =1{(x, a), (x, b), (x, ), (y, &), (y, b), (¥, C);

13
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Cartesian Product

>
* AxD = I

e UxA =

* For non-empty sets A and B: A#B < AxB # BxA
* |AxB| = |A[-|B]

» The Cartesian product of IS
defined as:

» A xAx. xA, ={(ay, a,, ..., a,) | aeA forl <i<n

14
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Partitions

> A of a set S Is a collection of
disjoint nonempty subsets of S that have S as their
union. In other words, the collection of subsets A,
lel, forms a partition of S If and only If

() A= foriel
(i) AnA =0, 1f1#]
(ii)) Ui A =S

15
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Partitions

> Let S be the set {u, m, b, r, 0, c, k, s}.
Do the following collections of sets partition S ?
{{m, o, ¢, k}, {r, u, b, s}} yes

{{c, 0, m, b}, {u, s}, {r}} no (k is missing).

{{b, r, 0, c, k}, {m, u, s, t}} no (tis notin S).
{{u,m, b, r, o, c, k, s}} Ves

{{b, o, 1, k}, {r, u, m}, {c, s}} no (ris in two sets).

{{u, m, b}, {r, 0, c, k, s}, 0} no (@ not allowed).

16




Set Operations

» Union: AUB = {x | xeA v xeB}

> A ={a, b}, B={b, c, d}
> AuUB ={a, b, c, d}
» |JAUB| = |A| + |B| — |A N B

» Intersection: AnB = {x | xeA A xeB}

. A ={a, b}, B={b,c, d}
. ANB = {b}

17




Set Operations

» TWO sets are called If their intersection Is
empty, that is, they share no elements:

»yANB = O

»The between two sets A and B contains
exactly those elements of A that are not in B:

»A-B = {X | xe A A x¢B}
A ={a, b}, B ={Db, c, d}, A-B ={a}

18

OOOOOO



Set Operations

»The of a set A contains exactly those
elements under consideration that are not in A:

»-A = U-A

. U=N, B={250, 251, 252, ...}
. ‘B={0, 1,2, ..., 248, 249}

»A—B=ANBAB

19
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Set Operations

»How can we prove Au(BNC) = (AuB)N(AULC)?

>

»  xeAu(BNC)

< XeA v xe(BNC)

< XeA v (xeB A xeC)

< (XeA v xeB) A (xeA v xeC)

< Xe(AuB) A xe(AUC)
< Xe(AuB)N(AULC)

20




Set Operations

> Membership table

»1 means “x Is an element of this set”
0 means “x Is not an element of this set”

A B C|BnC |AUBNC) |AuB | AUC (AUB) N(AULC)

0 00 0 0 0 0 0

0 0 1 0 0 0 1 0

010 0 0 1 0 0

0 1 1 1 1 1 1 1

1 00 0 1 1 1 1

1 0 1 0 1 1 1 1

1T 1 0 0 1 1 1 1

T 1 1 1 1 1 1 1

21 m
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Set Identities

ldentity Name ldentity Name
ANU=A Identity laws Au(BuC)=(AuB)ucC Associative
AU =A y An(BnC)=AnNnB)NC laws
AuU=U L AUBNC)=(AUB)N(AUC) Distributive
ANG =0 Domination laws AN(BUC) =(ANB)U (4N C) laws
AUA=A Idembotent laws (ANB)=AUB De Morgan'’s
ANA=A P (AUB)=ANB laws
B A Complementation AU(ANB)=A Absorption
(4) = laws ANn(AUB)=A laws
AUB=BUA | Commutative AUA=U Compleme
ANB=BNA laws ANA=0 laws

22
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Proving Set Identities

Description Method
Subset Show that each side of the identity is a subset
method of the other side.

For each possible combination of the atomic
Membership sets, show that an element in exactly these

table atomic sets must either belong to both sides or
belong to neither side.

Apply Start with one side, transform it into the other
existing side using a sequence of steps by applying an
identities established identity.

.
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Exercises

» Question 1:

»GivenasetA={x,y,z}andasetB ={1, 2, 3, 4},
what is the value of | 24 x 2B | ?

»Question 2:

»|s it true for all sets A and B that (AxB)"N(BxA) = ?
Or do A and B have to meet certain conditions?

»Question 3:

»Foranytwosets Aand B, ifA—-B=Jand B-A
(J, can we conclude that A = B? Why or why not?

24
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Exercises

» Question 1:

»GivenasetA={x,y,z}andasetB ={1, 2, 3, 4},
what is the value of | 24 x 2B | ?

» Answer:
»| 2Ax 2B = | 2A| - | 2B | =2A1. 2B =8.16 = 128

25
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Exercises

»Question 2:

»|s It true for all sets A and B that (AxB)N(BxA) = ?
Or do A and B have to meet certain conditions?

» AnNsSwer:

»|f A and B share at least one element X, then both
(AxB) and (BxA) contain the pair (x, X) and thus are
not disjoint.

» Therefore, for the above equation to be true, it is
necessary that AnB = &.

26
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Exercises

»Question 3:

»Foranytwosets Aand B, ifA-B=Jand B-A=
(J, can we conclude that A = B? Why or why not?

» AnNsSwer:

» Proof by contradiction: Assume that A # B.
» Then there must be either an element x such that
XxeA and x¢B or an element y such that yeB and ygzA
»|f X exists, then xe(A — B), and thus A—-B # &.
»|f y exists, then ye(B — A), and thus B - A # &.
» This contradicts the premise A—-B=Z and B - A
&, and therefore we can conclude A = B.

27
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... and the next section is about...
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Functions

»A f fromaset AtoasetB is an
of exactly one element of B to each element of A.

»We write

»f(a) = b

»If b Is the unique element of B assigned by the
function f to the element a of A.

»If fIs a function from A to B, we write
»f: A—>B
»(note: Here, "—" has nothing to do with If... then

29
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Functions

»|f .A—B, we say that A Is the of fand B is
the of f.

»|f f(a) = b, we say that b is the ofaand alis
the of b.

»The of f.A—B Is the set of all images of
elements of A.

»We say that .A—>B A to B.

30
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Functions

» et us take a look at the function f:P—C with

>

>

»f(Linda) = Moscow
»f(Max) = Boston
»f(Kathy) = Hong Kong
»f(Peter) = New York

»Here, the range of fis C.

31




Functions

» et us re-specify f as follows:

»f(Linda) = Moscow
»f(Max) = Boston
»f(Kathy) = Hong Kong
»f(Peter) = Boston

)

> ye\

What is its range? {Moscow, Boston, Hong Kong}

32
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Functions

» Other ways to represent f:

X f(x) Linda Boston

Lincda | Moscow
Linda | Moscow | oy New York

Mz Boston

- Kath > Hong Kon
o rlong Y g rong
Kainy ]

KOHQ

, o Peter Moscow
Peter | Boston

33



Functions

» |f the domain of our function fis large, it Is
convenient to specify f with a , .0.:

»F'R—-R
»f(X) = 2X

» This leads to:
»f(1) =2

»f(3) = 6

>f(-3) = -6

»III

34




Functions

»Let f; and f, be functions from A to R.

»Then the and the of f, and f, are
also functions from A to R defined by:

>(f; + 1)(X) = 11(x) + 1,(X)
> (F1f2)(X) = 11(X) T5(X)

»f,(X) = 3%, ,(X)=x+5
»(f+)X) = f,(X) +,(X) =3x+Xx+5=4x+5
> (FF)(X) = f(X) f5(X) = 3x (X + 5) = 3x? + 15X

35
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Functions

»We already know that the of a function
f:A—B Is the set of all iImages of elements acA.

»If we only regard a ScA, the set of all
Images of elements seS is called the of S.

»\We denote the image of S by (S):

»1(S) = {i(S) | s€S}

36
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Functions

» et us look at the following well-known function:
»f(Linda) = Moscow
»f(Max) = Boston
»f(Kathy) = Hong Kong
»f(Peter) = Boston

>

»f(S) = {Moscow, Boston}

»f(S) = {Boston}

37
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Properties of Functions

» A function f:A—B Is said to be (or
), if and only if
» VX, YeA (f(X) = f(y) > x=Y)
> f Is one-to-one If and only if it does

not map two distinct elements of A onto the same
element of B.

» Note that a function f Is one-to-one If and only if
f(a) # f(b) whenevera # b. This way of

expressing that f is one-to-one Is obtained by taking
the contrapositive of the implication in the definitio

38
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Properties of Functions

»And again...

»f(Linda) = Moscow
»f(Max) = Boston
»f(Kathy) = Hong Kong
»f(Peter) = Boston

>

»No, Max and Peter are
mapped onto the same
element of the image.

g(Linda) = Moscow
g(Max) = Boston

g(Kathy) = Hong Kong

g(Peter) = New York

Is g one-to-onge?

=




Properties of Functions

»How can we prove that a function f is one-to-one?

>

» X, YeA (f(x) = f(y) > x=Yy)

>

»F'R—-R
»f(X) = X?

» Disproof by counterexample:
»f(3) = f(-3), but 3 = -3, so f is not one-to-one.

40
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Properties of Functions

»F:R—-R
»f(X) = 3x

»One-to-one: VX, yeA (f(x) = f(y) > x =)
> f(x) = f(y) whenever x vy

»X #Y
< 3X = 3Y

< 1(x) = 1(y),
so If x #y, then f(x) = f(y), that is, f is one-to-one.

41




Properties of Functions

» A function f:A—B with A,B < R is called
If Vx,yeA(x <y—f(x) £ f(y)), and
ifVx,yeA (x <y—-flx)< f(y)).

»fis if Vx,yed (x <y - f(x) = f(y)),
and If

» Vx,yeAd (x <y — f(x) > f(¥))

» Obviously, a function that is either strictly increasi
or strictly decreasing is

42
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Properties of Functions

» A function f:A—B Is called , Or , If and
only if for every element beB there is an element acA
with f(a) = b.

»|n other words, fis onto if and only If its IS ItS

»A function f: A»>Bis a
a , If and only if it is both one-to-one and on

»Obviously, If f Is a bijection and A and B are finite
sets, then |A| = |B].

43
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Properties of Functions

>

»In the following examples, we use the arrow
representation to illustrate functions f:A—B.

»|In each example, the complete sets A and B are
shown.

44
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Properties of Functions

(a) One-to-one,

not onto

ol
ae

o2
be

3
cCe®

o4

(d) Neither one-to-one

(b) Onto,
not one-to-one

P
74

nor onto
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(c)  One-to-one

and onto
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cCe® > @3
N
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(e) Not a function
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Properties of Functions

Linda Boston
>
Max New York > No.
>
Kathy - Hong Kong »NoO.
/\ »
Peter Moscow » NO.
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Properties of Functions

Linda Boston
>
Max New York >No.
/ >
Kathy - Hong Kong >
>
Peter Moscow » NO.

Paul
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Properties of Functions

Linda Boston

>
Max New York g

>
Kathy - Hong Kong »NoO.

\ .

Peter \ Moscow » NO.

Lubeck

48




Properties of Functions

Linda Boston
>

Max New York »No! fIs not even
a function!

Kathy . Hong Kong

Peter /\\ Moscow

Lubeck

49

OOOOOO



Properties of Functions

Linda Boston
>
Max New York g
>
Kathy - Hong Kong >
>
Peter Moscow >

Helena Lubeck
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Inversion

» An interesting property of bijections is that they
have an

»The of the bijection . A—B is
the function f1:B—A with

»f1(b) = a whenever f(a) = b.

o1
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Inversion

Linda * Boston

Max

Kathy ~——\C- Hong Kong
Peter Moscow

Helena . Liibeck

52
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Inversion
Example:

f(Linda) = Moscow
f(Max) = Boston
f(Kathy) = Hong Kong
f(Peter) = Lubeck
f(Helena) = New York

Clearly, fis bijective.

The inverse function ' is
given py:

f1(Moscow) = Linda
f1(Boston) = Max
f1(Hong Kong) = Kathy
f1(Lubeck) = Peter
f1(New York) = Helena

Inversion is only possible fc
pijections
(= invertible functions)

.
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BOSTON

53



Inversion

Linda * Boston f

\

\
\

Max “Ti°""7 New York o SR -

\ /
\ 7
\ Y

Vv

Kathy ~——- Hong Kong

Peter Moscow

Helena . Liibeck

o4




Composition

»The of two functions g:A—B and
f:B—C, denoted by f°g, is defined by

»(°9)(a) = 1(g(a))

» This means that

- , function g is applied to element acA,
mapping it onto an element of B,

. , function f Is applied to this element of
B, mapping it onto an element of C.

. , the composite function maps
from A to C.

55
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Composition

»f(X) = 7x — 4, g(x) = 3X,
»f:R—>R, g:-R—>R

+ (f°g)(5) = f(g(5)) = f(15) = 105 — 4 = 101

»(°9)(x) = 1(g(x)) = 1(3x) = 21x - 4

56



Composition

>

> (FHN(x) = F(f(x)) = x

» The composition of a function and its inverse is
the I(X) = X.

o7
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Graphs

»The of a function f:A—B Is the set of
ordered pairs {(a, b) | acA and f(a) = b}.

» The graph is a subset of AxB that can be used
to visualize f In a two-dimensional coordinate

system.

» From the definition, the graph of a function f from
A to B Is the subset of A X B containing the
ordered pairs with the second entry equal to the

element of B assigned by f to the first entry. .

OOOOOO



Floor and Ceiling Functions

»The and

functions map the real

numbers onto the integers (R—2).

»The function assigns to reR the largest zeZ

with z<r, denoted

b 12.3]

»The function assigns to reR the smallest
zeZ with z>r, denoted by [ r].

S [2.3]1=3,[2]=2,[05]=1,[-3.5]=-3

oy Lr.

:2’

21=2,105]=0,[-35]=-4

59
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Floor and Ceiling Functions

» Useful properties of the Floor and Ceiling functions
(n I1s an integer and x is a real number)

(1a)
(1b)
(Ic)
(1d)

=nifandonlyifn <x<n+1
=nifandonlyifn—1<x<n
=nifandonlyifx—1<n<x

R

=nifandonlyifx <n<x+1

2) x—1l<|x]<x<[x]<x+1

(3a) [—x] = —[x]
(3b) [—x] =—|x]

(4a) |x+n|=|x|+n
(4b) [x+n| = [x] +n

60
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Sequences

> represent of elements.

»A IS defined as a function from a subset
of N to a set S. We use the notation a, to denote the
Image of the integer n. We call a,, a term of the

sequence.

>

»Ssubset of N: 1 2 3 4 5

S: 2 4 6 8 10 ...

OOOOOO



Sequences

»We use the notation {a, } to describe a sequence.

» Important. Do not confuse this with the {} used In
set notation.

» |t IS convenient to describe a sequence with an

» For example, the sequence on the previous slide
can be specified as {a,}, where a, = 2n.

62
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The Equation Game

What are the equations that describe the following
sequences a,, a,, ag, ... ¢

»1,3,5, 7,9, ... a,=2n-1
-1,1,-1,1,-1, ... a, = (1)
2,5,10,17, 26, ... a,=n?+1
0.25, 0.5, 0.75, 1, 1.25 ... a, = 0.25n
3,9, 27, 81, 243, ... a, = 3"
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Strings

» Finite sequences are also called , denoted
by a,a,a,...a,.

»The of a string S Is the number of terms
that it consists of.

»The contains no terms at all. It has
length zero.

64
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Summations

»What does Y, a; stand for?

»It represents the suma,,+a,,;+a,.,+ ... +a,.

»The variable | is called the

running from its m to its
We could as well have used any other letter to

denote this index.

65
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Geometric and Arithmetic progressions

»The sequence a, ar,ar?, ...,ar", ...is a
progression where the and the
are real numbers.

»The sequence a,a+d,a+ 2d,...,a +nd, ... IS an
progression where the and
the are real numbers.
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Sum Closed Form
! 1
3 art (r#0) ar’™” —a .4
=0 r—1
i" n(n+ 1)
k=1 2
ikz n(n+ )2n+ 1)
k=1 6
ik3 n*(n + 1)>2
k=1 4
Zxk, x| < 1 1
= | —x
ka"-l x| < 1 1
(1 —x)?

Some useful Summation Formulae

67
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Summations
How can we express the sum of the first -
sequence qan} with a,=n? for
n=1,2,3,...7

We write it as ¥;23° 2

What is the value of 7

»itisl+2+3+4+5+6=21.

It is so much work to calculate this...

1000 terms ¢

68
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Summations

» |t Is said that Carl Friedrich Gauss came up with the
following formula:

When you have such a formula, the result of any summation
can be calculated much more easily, for example:

OOOOOO



Double Summations

» Corresponding to nested loops in C or Java, there Is
also double (or triple etc.) summation. To evaluate the
double sum, first expand the inner summation and
then continue by computing the outer summation:

>

> Yie1 Z?‘=1 ij =Yi=q (i + 2i

OOOOOO



