More NP-Complete Problems
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THEOREM 7 .36  rrserrissmsesmssmsmsessncsssnsssssssasnsssnsss sesnssassssssass sassnssssnsssns sas ssmsssnsssssssas

Reca D It B is NP-complete and B <p C for C' in NP, then C is NP-complete.

Proof:

* Cis NP-complete (Def 7.34) if:
e it's in NP (given), and
- every lang 4 in NP reduces to Cin poly time (must show)

 For every language A in NP, reduce A - C by:

* First reduce A 2 Bin poly time
« Because B is NP-Complete

* Then reduce B - C in poly time
« This is given

 Total run time: Poly time + poly time = poly time




THEOREM 7.36 J |(;‘)Wn l:“_J/UM(IIOWﬂ | ..........................................................
U SIn g: It B is NP-complete and B <p C for C' in NP_then C is NP-complete.

To use this theorem,
must know C is in NP

Example: Prove 3SAT is NP-Complete using thm 7.36 ...

e ... by constructing poly time reduction from:
*  SAT = {($)| ¢ is a satisfiable Boolean formula} (known to be NP-Complete)
to [TV
o 3SAT :{(c;ﬁ)\ ¢ is a satisfiable 3cenf-formula} (known to be In NP)




THEOREM 7 .36  rrserrissmsesmssmsmsessncsssnsssssssasnsssnsss sesnssassssssass sassnssssnsssns sas ssmsssnsssssssas

U SIn g: It B is NP-complete and B <p C for C' in NP, then C is NP-complete.

Example: Prove 3SAT is NP-Complete using thm 7.36 ...

e ... by constructing poly time reduction from:
*  SAT = {(¢)| ¢ is a satisfiable Boolean formula} (known to be NP-Complete)
to U,
e 3SAT = {(¢)| ¢ is a satisfiable 3enf-formula} (known to be in NP)
« Reduction: Given an arbitrary SAT formula:

1. Convert to conjunctive normal form (CNF), ie lm;A-ND of OR clauses
« Use DeMorgan’s Law to push negations onto literals L™
2(PVQ) = (P)A(-Q) ~(PAQ) < (-P)V (-Q)
« Distribute ORs to get ANDs outside of parens | o(n)
(PV(RAR)) < (PVQ)A(PVR))
2. Then split clauses to 3cnf by adding new variables | O(n)
(1’11\/{12\/'{‘13\/{14) (Q1VGQVZ)A(EVG3VG4)




NP-Complete problems, so far

o SAT = {($)| ¢ is a satisfiable Boolean formula} (Cook-Levin Theorem)
 3SAT = {(#)| ¢ is a satisfiable 3cnf-formula} (reduce SAT to 3SAT)

o| CLIQUE = {{G, k}| G is an undirected graph with a k-clique} e

e CLIQUEisin NP (Thm 7.24)
e 3SAT is polynomial time reducible to CLIQUE. (Thm 7.32)

TH EOREM 7.36 amamn NN N NN NN NI NN NN AN EEEEE
It B is NP-complete and B <p C for C'in NP, then C is NP-complete.



Other NP Problems, so far

e HAMPATH = {(G,s,t)| G is a directed graph s
with a Hamiltonian path from s to ¢}

C}/Y Y

« A Hamiltonian path goes through every node in the graph

All NP-Complete!

(will prove it today)

* SUBSET-SUM = {(S,t)| S = {x1,...,xr}, and for some

« Some subset of a set of numbers sums to some total
« e.g, ({4,11,16,21,27}, 25) € SUBSET-SUM




Theorem: HAMPATH is NP-co mplete \I/Jl/ |

HAMPATH = {(G, s,t)| G is a directed graph
with a Hamiltonian path from s to ¢}

THEOREM 7.36 mmmmmmmmmmsssinss et ennsanmmaenaenanens
St rate g_y: USE If B is NP-complete and B £p C for,C in NP, then C' is NP-complete.

Proof Parts (5):
1. Show HAMPATH is in NP (done in prev class)
2. Choose NP-complete problem to reduce from: 3SAT

m)3. Create the computable function: pEFINITION  7.29
‘ T~ Language A is polynomial time mapping reducible,' or simply poly-
B s BN -  nomial time reducible. to langnage B, written A <p B, if a polyno-
d e T mial time fomputable function|f: ¥*— ¥* exists, where for every
(@21 VTZVT) A (@3 VT Vae) A (23 VT Vag) o~/ o

w € A<= f(w) € B.

4. Show it runs in poly time

5. Show Def 7.29 iff requirement:
« Satisfiable 3cnf formula < graph with Hamiltonian path



Computable Fn: Formula wuwe =2 Graph wene

Example input: ¢= (a1 VbiVer)Alaa Vb V) A -+ Alag Vi V)
k = # clauses
. Pair of r>
 Clause » (extra) Slngle nodes clause nodes || separator

 Variable &> diamond-shaped graph “gadget” k‘/% >3

» Clause = 2 “connector” nodes + separator
» Total = 3k+1 “connector” nodes per “gadget” o
\O/

Cj
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Computable Fn: Formula wuwe =2 Graph wene

Example input: ¢= (a1 VbiVer)Alaa Vb V) A -+ Alag Vi V)
k = # clauses

 Clause = (extra) single nodes
» Variable - diamond-shaped graph “gadget” <

* Clause 2 2 “connector” nodes + separator
» Total = 3k+1 “connector” nodes per “gadget”

Reversed
edges

- Lit x; in clause ¢; = ¢; node edges in gadget x; %
» Lit x; in clause ¢; > ¢, edges in gadget x;(rev) - C< >3




Theorem: HAMPATH is NP-co mplete \/T]/ )

HAMPATH = {(G, s.t)| G is a directed graph
with a Hamiltonian path from s to ¢}

Proof Parts (5):
2—Choose-NP

(£1V£_QVL_3)A(L3VL_5VL( L&\/CL(\/CLZL%

) 4. Show it runs in poly time

5. Show Def 7.29 Iff requirement:
« Satisfiable 3cnf formula < graph with Hamiltonian path




Polynomial Time? TOTAL:
0(Kk?)

Example input: ¢ = (a1 VbiVer) AlagVoa V) Ao Alar Vb V)
k = # clauses = at most 3k variables

 Clause = (extra) single nodes O « | O(K)

» Variable > diamond-shaped graph “gadget” | O(k?)
« Clause 2 2 “connector” nodes + separator
« Total = 3k+1 “connector” nodes per “gadget” ~

* Litx; In clause ¢; 2 ¢; node edges In gadget x; . <{<{ o)
/-/;"/’;’/;O
» Lit x; in clause ¢; > ¢, edges in gadget x;(rev) . -5 O(k) |



Theorem: HAMPATH is NP-complete \I/J‘/ |

HAMPATH = {(G, s,t)| G is a directed graph
with a Hamiltonian path from s to ¢}

Proof Parts (5):

A n CE0c ~_ R &
(21 VTV T) A (23 VT V) A (s V:Ts\/:m);: f S < o, DETINTION 739

— o - . - - 5
" i : Language A is polynomial time mapping reducible,' or simply poly-
° ° ° r nomial time reducible, to language B, written A <p B, if a polyno-
° o oo - R mial time computable function f: ¥*— ¥* exists, where for every
w,

m) 5. Show Def 7.29 iff requirement: A fwen
« Satisfiable 3cnf formula < graph with Hamiltonian path



(1 VT2 VT3) A (3 VT5Vag) N (23VTgVay) e

e e
o (o0 - 2D

Want: Satisfiable 3cnf formula < graph with Hamiltonian path
- Satisfying assignment => Hamiltonian path_

x, = TRUE => Hampath “zig-zags” gadget x, a

These hit all
nodes except

=722 1 x, = FALSE => Hampath “zag-zigs” gadget x, @ %

» Litx; makes clause ¢; TRUE - “detour” to ¢ Iin ggadget X,

» Litx; makes clause ¢; TRUE - “detour” to ¢, in gadget x; K
Now path (< >

goes through | EVery clause must be TRUE so path hits all ¢; nodes
everynode | « And edge directions align with TRUE/FALSE assigsnments

156




(1 VT2 VT3) A (3 VT5Vag) N (23VTgVay) e

Want: Satisfiable 3cnf formula < graph with Hamiltonian path
« Hamiltonian path => Satisfying assignment
ey

° . K< @{/>o gadget x. “detours” from left to right 2 x, = TRUE
_O:

° .
xX; ( N ?{{_ \’\
. AN A
Cj

/_)
« What about “weird” paths?
« Cannot be Hamiltonian path because it misses some nodes

gadget x. “detours” from right to left 2> x, = FALSE




Theorem: UHAMPATH is NP-complete

UHAMPATH = {(G,s,t)| G is a airected graph
with a Hamiltonian path from s to ¢}

» Reduce HAMPATH to UHAMPATH (using Thm 7.36)
« HW11

TH EOREM 7.36 amamn NN N NN NN NI NN NN AN EEEEE
It B is NP-complete and B <p C for C'in NP, then C is NP-complete.



Theorem: SUBSET-SUM is NP-complete

SUBSET-SUM = {(S,t)| S = {z1,..., 21}, and for some
{y1,... ,y} C{x1,..., 21}, we have Xy; = t}

THEOREM 7.36 - evereemmseeemarnseas
St rate g_y: USE If B is NP-complete and B £p C for C' in NP, then C' is NP-complete.

Proof Parts (5);

1. Show SUBSET-SUM is in NP (done in prev class)

2. Choose NP-complete problem to reduce from: 3SAT
m) 3. Create the computable function f:

A B
f
!

4. Show it runs in poly time

5. Show Def 7.29 iff requirement:
¢ is a satisfiable 3cnf-formula < f({(¢)) = (S5,t) where some subset of S sums to ¢




y; and z;: y.: I+jth digit = 1 || z: [+j™ digit = 1

i digit = 1 if ¢, has x, if ¢, hasx;
. 1 2 3 4 S .
Computable Fn: 3cnf 2> (S.t) Nt2ii o o /o
z1711 0 0 O 0O 0 e 0
Y2 1 0 0 orLo,/1 .-~ 0
E.g.'(l‘l\/l‘_z\/&*}g)/\(1’2\/2}’3\/---)/\---/\(E\/---\/---)‘ 29 1 0 O 0 1 0 0
Y3 1 0 o1 1 --- 0
* Assume formula has: 2 10 0|0 0 - 1
e Ivariables xi,...,x;
« kclauses cq,...,ck ., N .
« Computable function f maps: 2 110 0 0
» Variable x; = two numbers y, and z, }(ﬁ gandhi L1 o 0
+jth digit =
* Clause ¢, > two numbers g and h; o jt digi 1 8
o o 12
« Each number has max I+k digits:
« Sum is I 1s followed by k 3s 1
9k
hk 1
The sum >+ [1 1 11 --- 113 3 - 3




Theorem: SUBSET-SUM is NP-complete

SUBSET-SUM = {(S,t)| S = {z1,..., 21}, and for some
{yl-.----,jg}C{Tl ., Tk}, we have Xy; =t}

THEOREM 7.36 - s sssssssssssasnses evereemmseeemarnseas
St rate g_y: USE If B is NP-complete and B <p C for C' in NP, then C' is NP-complete.

Proof Parts (5):
1. Show SUBSEI—SUM—H—%
2—Choose-NP-complete problemtoreducefrom:-3SAT

A B
f
!

m) 4. Show it runs in poly time
5. Show Def 7.29 iff requirement:
¢ is a satisfiable 3cnf-formula <= f((¢)) = (S,t) where some subset of S sums to ¢




Polynomial Time?

E.g., (-’131\/@\/.1’3) A (.’11'2\/.’133\/“-)/\ /\(_%VV

« Assume formula has:
e I variables Z1,...,2;
 kclauses ¢i1,...,Ck

« Table size: (I + k)(21 + 2k)

 Creating it requires at most a constant
number of passes over the table

« Num variables I = 3k at most
 Total: O(k ?)

2 3 4 [ | g o Ck

Y1 0O 0 O 0|1 0 0
21 0 0 O 00 O 0
Ys 1 0 0 0|0 1 0
29 I 0 O 0|1 O 0
23 1 0 0|0 O 1
Y 110 0 0
VA 1 0 0 0
g1 1 0 0
hl 1 0 0
g2 1 0
hg 1 0
9k 1
hk 1
t I 1 1 113 3 3




Theorem: SUBSET-SUM is NP-complete

SUBSET-SUM = {(S,t)| S = {z1,..., 21}, and for some
{yl-.----,jg}C{Tl ., Tk}, we have Xy; =t}

THEOREM 7.36 - s sssssssssssasnses evereemmseeemarnseas
St rate g_y: USE If B is NP-complete and B <p C for C' in NP, then C' is NP-complete.

Proof Parts (5):
1. Show SUBSEI—SUM—H—%
2—Choose-NP-complete problemtoreducefrom:-3SAT

A B
f
!

—
. .

g : : et
=) 5. Show Def 7.29 iff requirement:

¢ is a satisfiable 3cnf-formula < f({(¢)) = (5,t) where some subset of S sums to ¢




Each column:
- At least one 1

¢ is a satisfiable 3cnf-formula < f({(¢)) = (5,t) where some subset of |- Atmost31s

. o o 1 2 3 4 [ lc1 e Ch
« => |[f formula Is satisfiable, choose ... yi [T 0 0 0 071 0 0
« Sum ¢ =11s followed by k 3s s only %Z e ol 8
« Sto include: '”Col‘éges % 1 0 0 01 0 0
» y; if x;= TRUE v3 10 0|1 1 0
e z, if x, = FALSE & L0 010 0 !
« and some of g. and h, to make the sum ¢
 Numbers in S sum to ¢ because: " o g .
. Left digits: 4 110 0 - 0
 onlyoneof y orzisins$ ;?Lll 1 8 8
 Right digits: g2 1 0
e Top: Each column sumsto 1, 2, or 3 ho 1 0
« Because each clause has only 3 literals
« Bottom:
« Add g and/or h. to make column sum to 3 gk 1
hk 1
t [1 1 1 1 113 3 3




Determines if
X, Or % IS In
clause C;

¢ is a satisfiable 3cnf-formula <= f({(¢)) = (5,t) where some subset of\S sums to ¢

. . 1 2 3 4 [ \c1 c» Ck
e <= If fcreates S with numbers summing to ¢ ;[T 00 0 - 0 \,1 0 0
« Formula has Ivariables, k clauses, and has ... " e o P 8
+ litx; in clause c; if i'" number pair (1) has I+j" digit=1 = | 1 0 0 0|1 o0 0
+ lit x; in clause ¢ if i number pair (2"9) has I+j" digit =1 ¢ - P ;
<3
* There must be a satisfying assignment:
» x.=TRUEify, in$
 x,=FALSEifz InS b 1 8 8 8
[ [ L) L) Zl
 This Is satisfying because: : T 0 0
In each column, 1 0 0
- For each column ¢ accounts for at /” 1 0
* g;and h, total at most 2 most 2 out of 1 0
* so at least 1 number from top is included satisfy sum ¢ required sum of 3
« Which means at least one literal in every clause '
makes it makes it TRUE 0 ]
hk 1
t1 1 1 1 --- 13 3 --- 3




Check-in Quiz 12/7

On gradescope

End of Class Survey 12/7

See course website



