Even More NP-Complete Problems
Wednesday, December 9, 2020



HW11 questions?



Announcements

« HW11 finalized
e Due Tues 12/15 11:59pm EST

« HW8 grades returned

* Please stop posting HW questions to Chegg
 The answers arent even correct

« Stay tuned for extra credit announcement
« Most likely to be extra time to finish coding assignments

* Fill out Course Evaluation at end of class



NP-Complete problems, so far

SAT = {{(@)| ¢ is a satisfiable Boolean formula} (Cook-Levin Theorem)

3SAT = {(¢)| ¢ is a satisfiable 3cnf-formula} (reduce from SAT)

CLIQUE = {(G, k)| G is an undirected graph with a k-clique} (reduce from 3SAT)

o HAMPATH = {(G,s,t)| G is a directed graph (reduce from 3SAT)
with a Hamiltonian path from s to ¢}



General Strategy: Reducing from 3SAT

”

Create a computable function mapping formula to “gadgets”:
» Clause - some “gadget”, e.g.,, O ¢

» Variable - another “gadget”, e.g., <——:
Gadget is typically used in two “opposite” ways:

» When var is assigned TRUE, or _~ "\
 When var is assigned FALSE C) @

Then connect “gadgets” according to clause literals:
- Literal x; in clause c¢; - gadget x; “detours” to c;

- Literal; in clause ¢; > gadget x, “reverse detours”"toc; =



Theorem: SUBSET-SUM is NP-complete

SUBSET-SUM = {(S,t)| S = {z1,..., 21}, and for some

THEOREM 7.36 - evereemmseeemarnseas
St rate g_y: USE If B is NP-complete and B £p C for C' in NP, then C' is NP-complete.

Proof Parts (5):
1. Show SUBSET-SUM is in NP (done in prev class)
2. Choose NP-complete problem to reduce from: 3SAT

m) 3. Create the computable function f: -

EMBEDDING NP-(DMPLETE PROBLEMS IN RESTRURANT ORDERS
A B
s
f

4. Show it runs in poly time

«— APPENZERS
MIXED FROIT 215
FRENCH FRIES 275
GIDE SALAD 335
HOT WINGS 3.55
MOZIARELA STICKS  4.20

SAMPLER PLATE 5.80

—— SANDWICHES ~—

5. Show Def 7.29 “iff” requirement:
¢ is a satisfiable 3cnf-formula < f({(¢)) = (S5,t) where some subset of S sums to ¢



Computable Fn: 3cnf > (S.t)

E.g., (I'1VI'_2V$3) N (I'QVCE’g\/---)/\ /\(EV--

« Assume formula has:
e Ivariables xi,...,x;
* kclauses cq,...,ck

« Computable function f maps:

 Variable x, > two numbers y, and z,

* Clause ¢, > two numbers g and h;
« Each number has max I+k digits:
« Sum is I 1s followed by k 3s
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y, and z;:
ith digit=1
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Theorem: SUBSET-SUM is NP-complete

SUBSET-SUM = {(S,t)| S = {z1,..., 21}, and for some
{yl-.----,jg}C{Tl ., Tk}, we have Xy; =t}

THEOREM 7.36 - s sssssssssssasnses evereemmseeemarnseas
St rate g_y: USE If B is NP-complete and B <p C for C' in NP, then C' is NP-complete.

Proof Parts (5):
1. Show SUBSEI—SUM—H—%
2—Choose-NP-complete problemtoreducefrom:-3SAT

A B
f
!

m) 4. Show it runs in poly time
5. Show Def 7.29 iff requirement:
¢ is a satisfiable 3cnf-formula < f((¢)) = (S,t) where some subset of S sums to ¢




Polynomial Time?

« Assume formula has:
e I variables Z1,...,2;
 kclauses ¢i1,...,Ck

« Table size: (I + k)(21 + 2k)

 Creating it requires constant
number of passes over the table

« Num variables I = at most 3k
 Total: O(k ?)

/\(—%v

2 3 4 [ | g o Ck
Y1 0O 0 O 0|1 0 0
21 0 0 O 00 O 0
Ys 1 0 0 0|0 1 0
29 I 0 O 0|1 O 0
23 1 0 0[]0 0 1
Y 110 0 0
VA 1 0 0 0
g1 1 0 0
hl 1 0 0
g2 1 0
hg 1 0
gk 1
hk 1
t I 1 1 113 3 3




Theorem: SUBSET-SUM is NP-complete

SUBSET-SUM = {(S,t)| S = {z1,..., 21}, and for some
{yl-.----,jg}C{Tl ., Tk}, we have Xy; =t}

THEOREM 7.36 - s sssssssssssasnses evereemmseeemarnseas
St rate g_y: USE If B is NP-complete and B <p C for C' in NP, then C' is NP-complete.

Proof Parts (5):
1. Show SUBSEI—SUM—H—%
2—Choose-NP-complete problemtoreducefrom:-3SAT
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f
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=) 5. Show Def 7.29 iff requirement:

¢ is a satisfiable 3cnf-formula < f({(¢)) = (S5,t) where some subset of S sums to ¢




Each column:
- At least one 1
- At most 3 1s

¢ is a satisfiable 3cnf-formula < f({(¢)) = (5,t) where some subset of S aum]w r

. . . 1 2 3 4 [ C1 C2 Ci.
=> If formula is satisfiable ... W [T0 00— 01 0 0
Sonly %21 I 0 0 0 010 O 0
« Sum t =11s followed by k 3s includes W | 1 0 0 0l 0 1 0
. 22 1 0 0 01 0 0
« Choose subset of S to include: one " 10 .01 1 0
. yiifxi:TRUE 23 1 0 00 O 1
7z If x, = FALSE
e and some of g, and h. to make the sum ¢ o o ;
. 2
* ... Then this subset of S mustsumtotbc: _=x 110 0 0
. Left digits: o Lo
« onlyoneofy orzisins$ g2 1 0
° 1 161 . }LQ 1 0
nght d'g't& So each column
» Top right: Each column sumsto 1, 2, or 3 sum (for left
« Because each clause has 3 literals digits) is 1

- Bottom right: 9k l L
« Can always use g, and/or h, to make column sum to 3 L L
t |1 111 --- 1|3 3 3




¢ is a satisfiable 3cnf-formula < f({(¢)) = (5,t) where some su

<= If a subset of S sUMS tO ¢ ...

e It can only include either y, orz
« Because each left digit column must sum to|
« And no carrying is possible

Sonly
includes
one

Z

« Also, since each right digit column must sum to 3: =

» And only 2 can come from g, and h,

« Then for every right column, some y. or z in the subset

has a 1in that column

* ... Then a satisfying assignment is:
« x,=TRUE ify, inthe subset
« x. = FALSE if z, in the subset

 This is satisfying because:
« Table was constructed so 1in column c. for

y; Or z,means that variable x; satisfies clause c.

« We already determined

for every right column,

some number in the subset has a 1 ih the column

e So all clauses are satisfied

Subset must have
some number with
1in each right
column

ot
1 2 3 4 l&l C2 Ck
[T 0 0 0 0|YT 0 0
z111 0 O O 00 O 0
Yo 1 0 0 00 1 0
Z9 1 0 0 O 1 O 0
1 0 00 O 1
. 110 O 0
In each right 110 o 0
7| column, g, and h, T 0 0
can account for il 0 0
at most 2 1 0
hg 1 0
Because each
column sum (for
left digits) is 1
dk 1
hk ll 1
t |11 1 1 1 --- 13 3 3




Theorem: VERTEX-COVER is NP-complete.

VERTEX-COVER = {(G, k)| G is an undirected graph that

has a k-node vertex cover}

A vertex cover of a graph is ...
* ... a subset of its nodes where every edge touches one of those nodes

* Proof Sketch: Reduce 3SAT to VERTEX-COVER
* The reduction maps:

 Variable x, 2 2 connected nodes
« corresponding to the var and its negation, e.g.,

* Clause - 3 connected nodes
« corresponding to its literals, e.g.,

- Additionally,
« connect var and clause gadgets by ... -
* ... connecting nodes that correspond to the same literal




VERTEX-COVER example

p=(x1VaxiVay) N (T1VT2VT2) A (T1Vas V)

¥

@ - Variable /@\ -
\/ | gadgets |




VERTEX-COVER example

O = (581 \/.“171\/$2) N\ (:1:_1\/5\/@) N\ ($_1V372V$2)

()
‘ Clause
gadgets
=
2 L1 5
Sy |




VERTEX-COVER example

Extra edges
connecting
variable and
clause gadgets
together

178



VERTEX-COVER example

O =

(1 Va1 Vas) A (T1 VT2

Exercise:
Show that
formula is
satisfiable

&
Graph has a
vertex cover
with k nodes

<
S5
>
5
<
S

<
S




¢=(x1Vr1Va) AN (@IVT2VT2) A (T1VayV )
VERTEX-COVER example

e Let formula have ...
« m = # variables
« I=# clauses

* Then graph has ...
* f nodes =2m + 31

=> |f satisfying assignment,
« then show there is a k-cover where k=m + 21

« Nodes in the cover:
* In each of m var gadgets, choose 1 node corresponding to TRUE literal
« For each of I clause gadgets, ignore 1 TRUE literal and choose other 2

* Since there is satisfying assignment, each clause has a TRUE literal
» Total =m + 21




NO Quiz 12/9!
NO Survey 12/9!

Fill out course evaluation.



