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Last Tine §: Q@ X ¥—Q is the transition function

DFA Computation Rules

Informally Formally (i.e, mathematically)
Given
« A DFA (~ a “Program”) » M= mk-DFA( &), X, &, dy, F) where ..
« and Input = string of chars, eg “1101” ¢ W = WiWsg - Wy
A DFA computation is a sequence of states
A DFA computation (~ “Program run”): ro . T, € Q Where:
- Starts in start state * To = qo
» Repeats: ’ 7“125(%:—1;’11}7:); fori=1,...,n
* Read 1 char from Input, and :
 Change state according to transition rules Can we express this

even more concisely ...

Result of computation: .
» Accept If last state is Accept state - Macceptswifr,€F

* Reject otherwise « Mrejectswifr, ¢ F



§: Q X ¥—Q is the transition function

(one-step)

A Multi-Step Transition Function

set of pairs *=“0 or more”

Define a multi-step transition function: 6 :Q x %* — Q

Y =set of all
possible strings!



0: Q X X—Q 1is tbe_tngnsition function
A Multi-Step Transition Function

Define a multi-step transition function: 6 :Q x X* — Q

e Domain:
« Input state ¢ € ) (doesn’t have to be start state)
* Inputstring w = wiws -+ Wy where w; € X

* Range: _ _
« QOutput state (doesn’t have to be an accept state) e o

Recursive Input Data!

(Defined recursively)

* Base case: ...



Strings Defined Recursively

A String is either:
Base case >+ the empty string (g), or

Recursive case * xa (non-empty string) where

« xis a String “smaller” argument
e gisa“char’in X

Remember: strings are relative
to some alphabet set X

Y =set of all
possible strings!



Recursive Data needs Recursive Functions

A Natural Number is either:
« Zero, or
* the Successor of a Natural Number

(The structure of)
Recursive functions ...
match the recursively

defined input data!

function factorial( n )

{

Base case if ( == 0 )

return 1;
Recursive case else
return * factorial( -1 );

Recursive case must

have “smaller” : .
argument (Most) Recursive functions

are recursive because ...
its Input data is recursively

defined!



A Multi-Step Transition Function

Define a multi-step transition function: 6 :Q x ¥* — Q

e Domain:
* Input state ¢ € ) (doesn’t have to be start state)
* Inputstring w = wiwsz -+ Wy where w; € 2
* Range:

 Qutput state (doesn’t have to be an accept state)

(Defined recursively)

A

e Base case 5(%5 —

“starting in g, and reading zero chars, the machine will wind up in state ...”

Base case

Recursive Input Data
needs
Recursive Function

A String is either:
he empty string (¢), or

* w'w, (non-empty string)
where
* w'isa String
e w,isa“char’inZX



A Multi-Step Transition Function

Define a multi-step transition function: 6 :Q x ¥* — Q

e Domain:
« Input state ¢ € ) (doesn’t have to be start state)
* Inputstring w = wiws -+ Wy where w; € X
* Range:

 Qutput state (doesn’t have to be an accept state)

(Defined recursively)

Recursive Input Data
needs
Recursive Function

A String is either:
 the empty string (), or

Recursive case

—e w'w, (non-empty string)

FaN

where

° Base case 5((}’ g) — q Recursive call ... ..is on the “smaller”

 Ww'isa Strin
/. g

w, is a “char’ in X

argument
string /gtyar/’
VRN | |

\-/

where w' = wy - w1

° Recursive Case 5(q, w w’n) — How to go from 2"d to last, to last state?

A

“starting in g, and reading w’ chars, the machine ends in state ..." (g, w")



(also called “extended transition function” --- HMU 2.2.4) 0: Q X 2— Q is the Wdﬂ&‘iﬁﬂﬂﬁlﬂﬁiﬂﬂ.

A Multi-Step Transition Function

Define a multi-step transition function: 6 :Q x ¥* — Q

 Domain:
* Input state ¢q © () (doesn't have to be start state)
* Inputstring w = wiwsz -+ Wy where w; € 2
* Range:

 Qutput state (doesn’t have to be an gccept state) Recursive ot pata

Recursive Function

A String is either:
 the empty string (), or

* w'w, (non-empty string)
where
* w'isa String
* w,isa“char’inX

(Defined recursively)

FaN

e Base case 5(% g) —q

A

e Recursive Case 6(q, w'w,) =6(0(q,w"),w,)

where w' = wy - - wy_1



2 /‘w/'a«@é

DFA Computation Rules

Formally (i.e., mathematically)

« M= mk-DFA( @, =, 6, qy, F) ..
W = W1w2o - Wp

A DFA computation is a sequence of states
o - Ty € Q Where:

* To = 4o

* T; :(5(7“7;_1,’607;), for ¢ = 1,...,72,

Can we express this
even more concisely ...

« Macceptswifr, €F
* Mrejectswifr &F



DFA Computation Rules

Formally (i.e., mathematically)

« M= mk-DFA( @, =, &, qp, ) ..

W = W1w2o - Wp

+ Maccepts w if 6(gg, w) € F



Machine and Language Terminology

« The language of a machine = set of strings that it accepts




Alphabets, Strings, Languages

An alphabet defines “all possible strings”

« An alphabet is a non-empty finite set of symbols | (e with non-atpnavet
D = {0,1} symbols are impossible)

22 — {a"b‘ C‘d‘e”f'g"h'i"j'k‘l'm"n‘o‘p'q"r‘S‘t'u"v"w‘X"y"Z}

A string is a finite sequence of symbols from an alphabet

01001 abracadabra = Empty string (length 0)
(e symbol is not in the alphabet!)

e A language IS a set of Strings Languages can be infinite
A = {good, bad}

A = {w| w contains at least one 1 and

0 {} T an even number of Os,rfollow the last 1}

The Empty set is a language “the set of all ...” “such that ...”




Machine and Language Terminology

« The language of a machine = set of strings that it accepts

*E.g,A DFA M accepts w string
M recognizes language A Set of strings

it A = {w| M accepts w}

“the set of all ...” “such that...”



Machine and Language Terminology

DFA M accepts w
M recognizes language LANGOF(M)
LANGOF(M) = {w| M accepts w}

Definition:
LANGOF is function mapping
Machine - Language



Machine and Language Terminology

DFA M accepts w
M recognizes language 1LANGOF(M)
LANGOF(M) = {w| M accepts w}

DefDFACompute
[F  MIS-A DFA Machine e

kinds of

THEN M recognizes LANGOF(M) Statements




Languages Are Computation Models

« The language of a machine = set of strings that it accepts

« E.g, a DFA recognizes a language

]]]]]]]]]]

* A computation model = set of machines it defines wwmmmms wom @i

« E.g, all possible DFAs are a computation model

@ is a finite set called the states,

¥ is a finite set called the alphabet,

6: Q x ¥—Q is the transition function,
o ate, anc

I

= set of set of strings

Thus: a computation model equivalently = a set of languages

This class Is really about studying sets of languages!



Regular Languages

* first set of languages we will study: regular languages

This class Is really about studying sets of languages!



Regular Languages: Definition

de’i\ned ot DefReglLang
e

1F *" MIS-A DEA Machine

AND KSOmiage\
M recognizes L
THEN L is IS-A Regular Language




A Language, Regular or Not?

Sometimes, a proof doesn’t need a proof constructor.

A proof can be inferred from

If we know: proof,, = M IS-A DFA Machine other known proofs / facts
Then (we can prove) LANGOF(M) IS-A Regular Language

1. M recognizes LANGOF(M) 1. APPLY IF M 1S-A DFA Machine
THEN M recognizes LANGOF(M)
0 p l’OOf bl DefReglLang
2. LANGOF(M) IS-A Regular Language 2. APPLY IF M IS-A DFA Machine AND M recognizes L
HEN L is IS-A Regular Language ome
NOTE: /f s suag language)
You don’t need to write out previously proven TO mk-AND-proof proof, Proof; Here, L =
statements in every proof. LANGOF(M)

You can refer to facts in our “library” by name



A Language, Regular or Not?

If we know: proof,, = M 1S-A DFA Machine
Then (we can prove) LANGOF(M) IS-A Regular Language

Statements Justification
1. M recognizes LANGOF(M) 1. APPLY DefDFACompute TO proofy,

2. LANGOF(M) IS-A Regular Language 2. APPLY DefReglang TO mk-AND-proof proof,, Proof,

NOTE:
You should write the proof this way




A Language, Regular or Not?

If we know: proof,, = M 1S-A DFA Machine
Then (we can prove) LANGOF(M) IS-A Regular Language

If we have: L is some Language (i.e., a set of strings)
How can we prove: L IS-A Regular Language



Proving That a Language Is Regular

Prove: LIS-A Regular Language, where L =some Language { ...}

Proof: (noconstructor) . .
Statements Justifications

1. MIS-A DFA Machine 1.
(TODO 1: design M)

2. | Mrecognizes L 2.

DefReglLang

3. LIS-A Regular Language 3. APPLY IF M IS-A DFA Machine AND|M recognizes L
THEN L is IS-A\Regular Language

TO mk-AND-proof Proof;, Proofs,



A Language: strings with odd # of 1s @mn

Come up with string examples
. . (in a table), both
* In-class exercise (submit to gradescope): - in the language

- and not in the language

> ={0,1} | :
IF M IS-A DFA Machine AND M recognizes L Ao ES [T e [EEEs [ reslr

THEN L is IS-A Regular Language Prove there’s a DFA recognizing it!



Designing Finite Automata: Tips
- Input is read only once, one char at a time (can’t go back!)

« Must decide accept/reject after that

« States = the machine’s “memory”!
e #t states must be decided in advance
 Think about what information must be “remembered”.

- Every state/symbol pair must have a defined transition (for DFAS)

« Come up with examples to help you!



Design a DFA: accept strs with odd # 1s

e States:

e 2 states:
 seen even 1s so far

« seen odds 1s so far

* Alphabet: @ and 1

0
I

» Transitions: @.@ let StateDiag, =

1

e Start / Accept states: —

0

0 O
A
1

(from now on:
must use “let” or
“where” to define
variable names)



Proving That a Language Is Regular

Prove: LIS-A Regular Language, where L =some Language { ...}

Proof: . .
Statements Justifications
1. MIS-A DFA Machine 1.
(TODO 1: design M)
2. Mrecognizes L 2.

DefReglLang

3. LIS-A Regular Language 3. APPLY IF M IS-A DFA Machine AND M recognizes L
THEN L is IS-A Regular Language

TO mk-AND-proof Proof, Proof,



Proving That a Language Is Regular

DefDFA

Prove: LIS-A Regular Language, where L =some Language { ... }e=mm

A finite automaton is a mk-bFA (Q, X, 4, g, F'), where

o 1. @ is a finite set called the states,
Pro O f * 2. ¥ is a finite set called the alphabet,
s s 3. 6: Q x ¥—Q is the transition function,
State m e nts j ustlﬁcatl o nS 4. i,'“ € @ is the start state, and

5. F C Q is the set of accept states.

M1. StateDiag, IS-A DFA Machine 1. Bm DefDFAStateDiagram

(only if problem allows it!) (only valid if there is a
valid state diagram!)

2. StateDiag, recognizes L 2. (TODO 2: ???)

DefReglLang

3. LIS-A Regular Language 3. APPLY IF M IS-A DFA Machine AND M recognizes L
THEN L is IS-A Regular Language

TO mk-AND-proof Proof, Proof,



{

11
1101

Yes
No

Yes
No

Yes
no

rove” that DFA recognizes a language

Q1: How can we “prove” that a
computation does what it's
“supposed to do”?

These kinds of proofs (e.g., HMU 2.3.4)
are usually hard, sometimes impossible!

... So we will not do them in this course

But we still need to do something ..

Q2: How do programmers
“prove” that a computation does
what it's “supposed to do”?

l.e, that the program is “correct”?



tertide: SOftware Dev 107

Specification (i.e, requirements):
« What the computation, i.e., program, should do [EEEE

REQUIREMENTS
ESSENTIALS

Implementation (i.e., the code):
* What the program does

Clean Code
A Handbook of Agile Software Craftsmanship

. .

Verification (i.e, testing):
- Does the program do what it's supposed to?  [EEFF

Learned I s

* (i.e., is the program “correct”?) w‘"f!&”ﬁhﬁ




let ExampleTable, =

“Prove” that DFA recognizes a language

Verification

(does the program do what
it's supposed to do?)

These columns must match
for the DFA to be “correct”

* In-class exercise
(part 2):

(2 min)

Not a real proof, but ...

In this class, a table like this
is sufficient to “prove” that a
DFA recognizes a language

01
11
1101

Analogous to what programmers do (write tests)
to “prove” their computation (code) “works”

Language = {w | w has odd # of 1s} )

Yes
No
Yes
No
Yes
no

—

Confirm the DFA:

- Accepts strings in
the language

- Rejects strings not
In the language

Specification
(what the program
should do)

Implementation
(what the program
does)




Proving That a Language Is Regular

Prove: LIS-A Regular Language, where L =some Language { ...}

Proof: . .
Statements Justifications

1. StateDiag, IS-A DFA Machine 1. BY DefDFAStateDiagram

2. | StateDiag, recognizes L 2. (TODO 2: ???)

DefReglLang

3. LIS-A Regular Language 3. APPLY IF M IS-A DFA Machine AND M recognizes L
THEN L is IS-A Regular Language

TO mk-AND-proof Proof, Proof,



Proving That a Language Is Regular

Prove: LIS-A Regular Language, where L =some Language { ...}

Proof: . .
Statements Justifications

V1 1. StateDiag, IS-A DFA Machine 1. BY DefDFAStateDiagram

Not a real proof, but ...

In this class, an “Examples Table” is sufficient to
“prove” that a Machine recognizes a language

V] 2. | StateDiag, recognizes L 2. |BY ExamplesTable, COMPARING StateDiag,, L

Remember:
You can refer to facts in our “library” by name  pefRegLang

M 3. LIS-A Regular Language 3. APPLY IF M IS-A DFA Machine AND M recognizes L
THEN L is IS-A Regular Language

TO mk-AND-proof Proof, Proof,




Proving That a Language Is Regular

Prove: LIS-A Regular Language, where L =some Language { ...}

Proof: . .
Statements Justifications

1. StateDiag, IS-A DFA Machine 1. BY DefDFAStateDiagram

2. StateDiag, recognizesL 2. BY ExamplesTable, COMPARING StateDiag,, L

3. LIS-A Regular Language 3./APPLY DefReglang TO mk-AND-proof Proof; Proof,

NOTE:
You should write the proof this way




Another In-class exercise

let A={w | whas exactly three 1’s }
* Prove: A IS-A Regular Language

« Where 2={0, 1},

DEFINITION
A finite automaton is a mk-DFA (@, X, 6, qo, F'), where

1. @ is a finite set called the states,

2. ¥ is a finite set called the alphabet,

3. 0: Q x X—Q is the transition function,
4. qp € Q is the start state, and

5. F C Q is the set of accept states.

Remember:

To understand the language,
always come up with string
examples first (in a table)! Both:
- in the language

- and not in the language

You will need this later in the
proof anyways!




Proving That a Language Is Regular

Prove: A IS-A Regular Language, where A = {w | w has exactly three 1’s }

Proof: . .
Statements Justifications
1. MIS-A DFA Machine 1.
(TODO 1: design M)
2. Mrecognizes A 2.

DefReglLang

3. AIS-A Regular Language 3. APPLY IF M IS-A DFA Machine AND M recognizes L
THEN L is IS-A Regular Language

TO mk-AND-proof Proof, Proof,



In-class exercise Solution

So: a DFA’s computation

- Design finite automata recognizing: recognizes simple string
* {w | w has exactly three 1’s} patterns?

. States: Yes!
- Need one state to represent how many 1's seen so far
« @={q0, q1, q2, g3, q4+} Have you ever used a

programming language
feature for recognizing
simple string patterns?

- Alphabet: ¥={0, 1}

e Transitions:

Regular Expressions!
(stay tuned!)

(© ()

e Start state:

oqo

» Accept states:

* 193}
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