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(define          (greet2 first #:last [last “Chang”]) 
 
  (string-append “Hi ” first “ ” last)) 

(define/contract (greet2 first #:last [last “Chang”]) 
  (->* (string?) (#:last string?) string?) 
  (string-append “Hi ” first “ ” last)) 

(define (greet first [last “Chang”]) 

  (string-append “Hi ” first “ ” last)) 

(define (greet first [last “Chang”]) 

  (string-append “Hi ” first “ ” last)) 

Interlude: 

(greet “Prof”) “Hi Prof Chang” 

(greet “450” “student”) “Hi 450 student” 

(greet2 “Prof”) “Hi Prof Chang” 

(greet2 “450” #:last “student”) “Hi 450 student” 

(greet2 #:last “student” “450”) “Hi 450 student” 



;; A Tree<X> is one of: 
;; - empty 
;; - (mk-node Tree<X> X Tree<X>) 
(struct node [left data right]) 
;; a binary tree data structure 

Last Time 



;; tree-fn : Tree<X> -> ??? 
(define (tree-fn t) 
  (cond 
    [(empty? t) ...] 
    [(node? t) ... (tree-fn (node-left t)) ... 
                        ... (node-data t) ... 
               ... (tree-fn (node-right t)) ...])) 

: 

:  

Last Time 

: 

;; A Tree<X> is one of: 
;; - empty 
;; - (mk-node Tree<X> X Tree<X>) 
(struct node [left data right]) 
;; a binary tree data structure 



;; tree->lst/in : Tree<X> -> List<X> 
;; converts given tree to a list of values, by inorder 

;; tree->lst/pre : Tree<X> -> List<X> 
;; converts given tree to a list of values, by preorder 

;; tree->lst/post : Tree<X> -> List<X> 
;; converts given tree to a list of values, by postorder 

Last Time 



(define (tree->lst/in t) 
  (cond 
    [(empty? t) empty] 
    [(node? t) (append (tree->lst/in (node-left t)) 
                       (cons (node-data t) 
                             (tree->lst/in (node-right t)))])) 

;; tree->lst/in : Tree<X> -> List<X> 
;; converts given tree to a list of values, by inorder 

Last Time 



(define (tree->lst/pre t) 
  (cond 
    [(empty? t) empty] 
    [(node? t) (cons (node-data t) 
                     (append (tree->lst/pre (node-left t)) 
                             (tree->lst/pre (node-right t)))])) 

;; tree->lst/pre : Tree<X> -> List<X> 
;; converts given tree to a list of values, by preorder 

Last Time 



(define (tree->lst/post t) 
  (cond 
    [(empty? t) empty] 
    [(node? t) (append (tree->lst/post (node-left t)) 
                       (tree->lst/post (node-right t)) 
                       (list (node-data t)))])) 

;; tree->lst/post : Tree<X> -> List<X> 
;; converts given tree to a list of values, by postorder 

Last Time 



tree-all? 

(define TREE1 (node empty 1 empty)) 
(define TREE3 (node empty 3 empty)) 
(define TREE123 (node TREE1 2 TREE3)) 

(check-true (tree-all? (lambda (x) (< x 4)) TREE123)) 

;; tree-all? : (X -> Boolean) Tree<X> -> Boolean 
;; Returns true if given predicate returns true 
;; for all values in given tree 

Last Time 



tree-all? 
;; tree-all? : (X -> Boolean) Tree<X> -> Boolean 
;; Returns true if given predicate returns true 
;; for all values in given tree 

(define (tree-all? p? t) 
  (cond 
    [(empty? t) true] 
    [(node? t)  
     (and (p? (node-data t)) 
          (tree-all? p? (node-left t)) 
          (tree-all? p? (node-right t)))])) 

: 

Last Time 



tree-all? 
;; tree-all? : (X -> Boolean) Tree<X> -> Boolean 
;; Returns true if given predicate returns true 
;; for all values in given tree 

(define (tree-all? p? t) 
  (cond 
    [(empty? t) true] 
    [(node? t)  
     (and (p? (node-data t)) 
          (tree-all? p? (node-left t)) 
          (tree-all? p? (node-right t)))])) 

Last Time 



tree-all? 
;; tree-all? : (X -> Boolean) Tree<X> -> Boolean 
;; Returns true if given predicate returns true 
;; for all values in given tree 

(define (tree-all? p? t) 
  (cond 
    [(empty? t) true] 
    [(node? t)  
     (and (p? (node-data t)) 
          (tree-all? p? (node-left t)) 
          (tree-all? p? (node-right t)))])) 

: 

:  

Last Time 



tree-all? 
;; tree-all? : (X -> Boolean) Tree<X> -> Boolean 
;; Returns true if given predicate returns true 
;; for all values in given tree 

(define (tree-all? p? t) 
  (cond 
    [(empty? t) true] 
    [(node? t)  
     (and (p? (node-data t)) 
          (tree-all? p? (node-left t)) 
          (tree-all? p? (node-right t)))])) 

(define (tree-all? p? t) 
  (or (empty? t) 
      (and (p? (node-data t)) 
           (tree-all? p? (node-left t)) 
           (tree-all? p? (node-right t))))) 

Last Time 



•



;; A BinarySearchTree<X> (BST) is a Tree<X> 
;; , if tree is a node: 

;; left subtree must be a BST 

;; right subtree must be a BST 

;; ∀ x ∈ left tree, x < node-data 

;; ∀ y ∈ right tree, y ≥ node-data 

;; A Tree<X> is one of: 
;; - empty 
;; - (mk-node Tree<X> X Tree<X>) 
(struct node [left data right]) 
;; a binary tree data structure 



;; valid-bst? : Tree<X> -> Bool 
;; Returns true if the given tree is a BST 

Valid Not Valid 











;; valid-bst? : Tree<X> -> Bool 
;; Returns true if the tree is a BST 



;; valid-bst? : Tree<X> -> Bool 
;; Returns true if the tree is a BST 

(define (valid-bst? t) 
  (cond 
    [(empty? t) true] 
    [(node? t)  
     (and (tree-all? (curry > (node-data t)) (node-left t)) 
          (tree-all? (curry <= (node-data t)) (node-right t)) 
          (valid-bst? (node-left t)) 
          (valid-bst? (node-right t)))]) 

(define (valid-bst? t) 
  (or (empty? t) 
      (and (tree-all? (curry > (node-data t)) (node-left t)) 
           (tree-all? (curry <= (node-data t)) (node-right t)) 
           (valid-bst? (node-left t)) 
           (valid-bst? (node-right t))))) 

;; A BinarySearchTree<X> (BST) is a Tree<X> 
;; , if tree is a node: 
;; ∀ x ∈ left tree, x < node-data 
;; ∀ y ∈ right tree, y ≥ node-data 
;; left subtree must be a BST 
;; right subtree must be a BST 



valid-bst?
;; valid-bst/one-pass? : Tree<X> -> Bool 
;; Returns true if the tree is a BST 

(define (valid-bst/one-pass? t) 
  (or (empty? t) 
      (and (valid-bst/one-pass? (node-left t)) 
           (valid-bst/one-pass? (node-right t))))) 

(node-data t)



valid-bst?

•

•

;; valid-bst/one-pass? : ??? Tree<X> -> Bool 
;; Returns true if the tree is a BST 

(define (valid-bst/one-pass? ??? t) 
  (or (empty? t) 
      (and (valid-bst/one-pass? ??? ??? (node-left t)) 
           (valid-bst/one-pass? ??? ??? (node-right t))))) 



(define (valid-bst/one-pass? valid? t) 
  (or (empty? t) 
      (and (valid? (node-data t)) 
           (valid-bst/one-pass? ??? (lambda (x)  
                           (and (p? x) 
                                (curry > (node-data t)))) 
                         (node-left t)) 
           (valid-bst/one-pass? ??? (lambda (x)  
                           (and (p? x) 
                                (curry <= (node-data t)))) 
                         (node-right t))))) 

;; A BinarySearchTree<X> (BST) is a Tree<X> 
;; , if tree is a node: 
;; ∀ x ∈ left tree, x < node-data 
;; ∀ y ∈ right tree, y ≥ node-data 
;; left subtree must be a BST 
;; right subtree must be a BST 

valid-bst?
;; valid-bst/one-pass? : Tree<X> (X -> Bool) -> Bool 
;; Returns true if (valid? (node-data t)) and subtrees are BSTs 



;; valid-bst/one-pass? : Tree<X> (X -> Bool) -> Bool 
;; Returns true if (valid? (node-data t)) and subtrees are 
BSTs (define (valid-bst/one-pass? valid? t) 
  (or (empty? t) 
      (and (valid? (node-data t)) 
           (valid-bst/one-pass? (lambda (x)  
                           (and (p? x) 
                                 (curry > (node-data t)))) 
                         (node-left t)) 
           (valid-bst/one-pass? ???(lambda (x)  
                           (and (p? x) 
                                (curry <= (node-data t)))) 
                         (node-right t))))) 

valid-bst?

;; A BinarySearchTree<X> (BST) is a Tree<X> 
;; , if tree is a node: 
;; ∀ x ∈ left tree, x < node-data 
;; ∀ y ∈ right tree, y ≥ node-data 
;; left subtree must be a BST 
;; right subtree must be a BST 



•

•

(curry < 4) 
;; = a function that returns true when given a number greater than 4 

(define (smaller-than lst thresh) 
  (filter (lambda (x) (< x thresh)) lst)) 

(define (smaller-than lst thresh) 
  (filter (curry > thresh) lst)) 

(lambda (x) (< 4 x)) 

(define (smaller-than lst thresh) 
  (filter (curryr < thresh) lst)) 

Interlude 



;; valid-bst/one-pass? : Tree<X> (X -> Bool) -> Bool 
;; Returns true if (valid? (node-data t)) and subtrees are 
BSTs (define (valid-bst/one-pass? valid? t) 
  (or (empty? t) 
      (and (valid? (node-data t)) 
           (valid-bst/one-pass? (lambda (x)  
                           (and (p? x) 
                                        (curry > (node-data t)))) 
                         (node-left t)) 
           (valid-bst/one-pass? ???(lambda (x)  
                           (and (p? x) 
                                (curry <= (node-data t)))) 
                         (node-right t))))) 

valid-bst?

;; A BinarySearchTree<X> (BST) is a Tree<X> 
;; , if tree is a node: 
;; ∀ x ∈ left tree, x < node-data 
;; ∀ y ∈ right tree, y ≥ node-data 
;; left subtree must be a BST 
;; right subtree must be a BST 



;; valid-bst/one-pass? : Tree<X> (X -> Bool) -> Bool 
;; Returns true if (valid? (node-data t)) and subtrees are 
BSTs (define (valid-bst/one-pass? valid? t) 
  (or (empty? t) 
      (and (valid? (node-data t)) 
           (valid-bst/one-pass? (lambda (x)  
                                  (and (valid? x) 
                                       ((curry > (node-data t)) x)) 
                         (node-left t)) 
           (valid-bst/one-pass? ???(lambda (x)  
                           (and (p? x) 
                                (curry <= (node-data t)))) 
                         (node-right t))))) 

valid-bst?

;; A BinarySearchTree<X> (BST) is a Tree<X> 
;; , if tree is a node: 
;; ∀ x ∈ left tree, x < node-data 
;; ∀ y ∈ right tree, y ≥ node-data 
;; left subtree must be a BST 
;; right subtree must be a BST 



;; valid-bst/one-pass? : Tree<X> (X -> Bool) -> Bool 
;; Returns true if (valid? (node-data t)) and subtrees are 
BSTs (define (valid-bst/one-pass? valid? t) 
  (or (empty? t) 
      (and (valid? (node-data t)) 
           (valid-bst/one-pass? (lambda (x)  
                                  (and (valid? x) 
                                       ((curry > (node-data t)) x)) 
                                (node-left t)) 
           (valid-bst/one-pass? (lambda (x)  
                                  (and (valid? x) 
                                       ((curry <= (node-data t)) x)) 
                                (node-right t))))) 

(conjoin p1? p2?) 
== 

(λ (x) (and (p1? x) (p2? x))) 

valid-bst?



;; valid-bst/one-pass? : Tree<X> (X -> Bool) -> Bool 
;; Returns true if (valid? (node-data t)) and subtrees are 
BSTs (define (valid-bst/one-pass? valid? t) 
  (or (empty? t) 
      (and (valid? (node-data t)) 
           (valid-bst/one-pass? (conjoin 
                                  (and (valid? x) 
                                        (curry > (node-data t))   ) 
                                (node-left t)) 
           (valid-bst/one-pass? (conjoin   
                                  (and (valid? 
                                        (curry <= (node-data t))   ) 
                                (node-right t))))) 

(conjoin p1? p2?) 
== 

(λ (x) (and (p1? x) (p2? x))) 

valid-bst?



valid-bst?

•

• node-data 

;; valid-bst/one-pass? : ??? Tree<X> -> Bool 
;; Returns true if the tree is a BST 

(define (valid-bst/one-pass? ??? t) 
  (or (empty? t) 
      (and (valid-bst/one-pass? ??? ??? (node-left t)) 
           (valid-bst/one-pass? ??? ??? (node-right t))))) 

•

•



;; valid-bst/p? : Tree<X> (X -> Bool) -> Bool 
;; Returns true if (p? (node-data t)) = true, and t is a BST 

(define (valid-bst/p? p? t) 
  (or (empty? t) 
      (and (p? (node-data t)) 
           (valid-bst/p? (conjoin(p? (curry > (node-data t))) 
                         (node-left t)) 
           (valid-bst/p? (conjoin p? (curry <= (node-data t)))  
                         (node-right t))))) 

valid-bst?



•

•

•

Previously 



;; valid-bst? : Tree<X> -> Bool 
;; Returns true if t is a BST 

(define (valid-bst? t) 
 
 
 
 
 
 
 
 
 
 
 
 
  (valid-bst/p? (lambda (x) true) t)) 

(define (valid-bst/p? p? t) 
  (or (empty? t) 
      (and (p? (node-data t)) 
           (valid-bst/p? (conjoin(p? (curry > (node-data t))) 
                         (node-left t)) 
           (valid-bst/p? (conjoin p? (curry <= (node-data t)))  
                         (node-right t))))) 

;; accumulator p? : (X -> Bool) 
;; if t = (node l data r), p? checks valid range 
;; for node-data, so (p? (node-data t)) is always true 
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• (+ 1 2) 

;; A RacketProg is a: 
;; - Number 
;; - String 

;; - ??? 



•

•

• (+ 1 2) 

;; A RacketProg is a: 
;; - Atom 

;; An Atom is a: 
;; - Number 
;; - String 

;; - ??? 



• (+ 1 2) 

 

;; A RacketProg is a: 
;; - Atom 

;; An Atom is a: 
;; - Number 
;; - String ;; - ??? 
;; - Symbol 

;; - List<Atom> ??? 



• (* (+ 1 2)  
   (- 4 3)) 

• (* (+ 1 2)  
   (- 4 3) 
   (/ 10 5)) 

 

 

;; A RacketProg is a: 
;; - Atom 
;; - List<???> 

;; An Atom is a: 
;; - Number 
;; - String 
;; - Symbol 

RacketProg

;; - Tree<???> 

;; - List<???> 



• (* (+ 1 2)  
   (- 4 3)) 

• (* (+ 1 2)  
   (- 4 3) 
   (/ 10 5)) 

 

 

;; A RacketProg is a: 
;; - Atom 
;; - ProgTree 

;; An Atom is a: 
;; - Number 
;; - String 
;; - Symbol 

RacketProg

;; A ProgTree is one of: 
;; - empty 
;; - (cons RacketProg ProgTree) 



;; A RacketProg is a: 
;; - Atom 
;; - ProgTree 

;; A ProgTree is one of: 
;; - empty 
;; - (cons RacketProg ProgTree) 

;; An Atom is one of: 
;; - Number 
;; - String 
;; - Symbol 



;; A RacketProg is a: 
;; - Atom 
;; - ProgTree 

;; An Atom is one of: 
;; - Number 
;; - String 
;; - Symbol 

;; A ProgTree is one of: 
;; - empty 
;; - (cons RacketProg ProgTree) 

•

•



;; A RacketProg is one of: 
;; - Atom 
;; - ProgTree 

;; An Atom is one of: 
;; - Number 
;; - String 
;; - Symbol 

;; A ProgTree is one of: 
;; - empty 
;; - (cons RacketProg ProgTree) 

•

•
•

(define (prog-fn p) ...) 
(define (atom-fn a) ...) 

(define (ptree-fn t) ...) 



;; A RacketProg is one of: 
;; - Atom 
;; - ProgTree 

;; An Atom is one of: 
;; - Number 
;; - String 
;; - Symbol 

;; A ProgTree is one of: 
;; - empty 
;; - (cons RacketProg ProgTree) 

(define (prog-fn s)  
  (cond  
   [(atom? s) ... (atom-fn s) ...] 
   [else  ... (ptree-fn s) ...])) 

(define (atom-fn a)  
 (cond  
   [(number? a) ... ] 
   [(string? a) ... ] 
   [(symbol? a) ... ])) 

(define (ptree-fn t)  
  (cond  
   [(empty? t) ...] 
   [else  ... (prog-fn (first t)) ... (ptree-fn (rest t)) ...])) 



;; A RacketProg Sexpr is one of: 
;; - Atom 
;; - ProgTree 

;; An Atom is one of: 
;; - Number 
;; - String 
;; - Symbol 

;; A ProgTree is one of: 
;; - empty 
;; - (cons RacketProg Sexpr ProgTree) 

(define (sexpr-fn s)  
  (cond  
   [(atom? s) ... (atom-fn s) ...] 
   [else  ... (ptree-fn s) ...])) 

(define (atom-fn a)  
 (cond  
   [(number? a) ... ] 
   [(string? a) ... ] 
   [(symbol? a) ... ])) 

(define (ptree-fn t)  
  (cond  
   [(empty? t) ...] 
   [else  ... (sexpr-fn (first t)) ... (ptree-fn (rest t)) ...])) 



•
•
•

•

•
•
•

•

•
•
•



;; count-ptree : Symbol ProgTree -> Nat 
;; ??? 

;; count-atom : Symbol Atom -> Nat 
;; ??? 

;; A Sexpr is one of: 
;; - Atom 
;; - ProgTree 

;; An Atom is one of: 
;; - Number 
;; - String 
;; - Symbol 

;; A ProgTree is one of: 
;; - empty 
;; - (cons Sexpr ProgTree) 

;; count : Symbol Sexpr -> Nat 
;; Computes the number of times the given  
;; symbol appears in the given s-expression 

•

 



(define (count sym se)  
  (cond  
   [(atom? s) ... (atom-fn s) ...] 
   [else  ... (ptree-fn s) ...])) 

(define (count-ptree sym pt)  
  (cond  
   [(empty? pt) ...] 
   [else  ... (sexpr-fn (first pt)) ... (ptree-fn (rest pt)) ...])) 

;; count : Symbol Sexpr -> Nat 
;; Computes the number of times the given  
;; symbol appears in the given s-expression 

;; count-ptree : Symbol ProgTree -> Nat 

;; count-atom : Symbol Atom -> Nat 

(define (count-atom sym a)  
 (cond  
   [(number? a) ... ] 
   [(string? a) ... ] 
   [(symbol? a) ... ])) 



(define (count sym se)  
  (cond  
   [(atom? s) (count-atom sym se)] 
   [else (count-ptree sym se)])) 

(define (count-ptree sym pt)  
  (cond  
   [(empty? pt) ...] 
   [else  ... (sexpr-fn (first pt)) ... (ptree-fn (rest pt)) ...])) 

;; count : Symbol Sexpr -> Nat 
;; Computes the number of times the given  
;; symbol appears in the given s-expression 

;; count-ptree : Symbol ProgTree -> Nat 

;; count-atom : Symbol Atom -> Nat 

(define (count-atom sym a)  
 (cond  
   [(number? a) ... ] 
   [(string? a) ... ] 
   [(symbol? a) ... ])) 



(define (count-atom sym a)  
 (cond  
   [(symbol? a)  
          ...            ] 
   [else 0])) 

(define (count sym se)  
  (cond  
   [(atom? s) (count-atom sym se)] 
   [else (count-ptree sym se)])) 

(define (count-ptree sym pt)  
  (cond  
   [(empty? pt) ...] 
   [else  ... (sexpr-fn (first pt)) ... (ptree-fn (rest pt)) ...])) 

;; count : Symbol Sexpr -> Nat 
;; Computes the number of times the given  
;; symbol appears in the given s-expression 

;; count-ptree : Symbol ProgTree -> Nat 

;; count-atom : Symbol Atom -> Nat 

(if (symbol=? sym a) 1 0) 



(define (count-atom sym a)  
 (cond  
   [(symbol? a)  
          ...      a     ] 
   [else 0])) 

(define (count sym se)  
  (cond  
   [(atom? s) (count-atom sym se)] 
   [else (count-ptree sym se)])) 

(define (count-ptree sym pt)  
  (cond  
   [(empty? pt) 0] 
   [else  ... (sexpr-fn (first pt)) ... (ptree-fn (rest pt)) ...])) 

;; count : Symbol Sexpr -> Nat 
;; Computes the number of times the given  
;; symbol appears in the given s-expression 

;; count-ptree : Symbol ProgTree -> Nat 

;; count-atom : Symbol Atom -> Nat 

(if (symbol=? sym a) 1 0) 



(define (count-atom sym a)  
 (cond  
   [(symbol? a) 
          ...      a     ] 
   [else 0])) 

(define (count sym se)  
  (cond  
   [(atom? s) (count-atom sym se)] 
   [else (count-ptree sym se)])) 

(define (count-ptree sym pt)  
  (cond  
   [(empty? pt) 0] 
   [else (+ (count sym (first pt))  
              (count-ptree sym (rest pt)))])) 

;; count : Symbol Sexpr -> Nat 
;; Computes the number of times the given  
;; symbol appears in the given s-expression 

;; count-ptree : Symbol ProgTree -> Nat 

;; count-atom : Symbol Atom -> Nat 

(if (symbol=? sym a) 1 0) 



(define (count-atom sym a)  
 (cond  
   [(symbol? a) 
          ...      a     ] 
   [else 0])) 

(define (count sym se)  
  (cond  
   [(atom? s) (count-atom sym se)] 
   [else (count-ptree sym se)])) 

(define (count-ptree sym pt)  
  (cond  
   [(empty? pt) 0] 
   [else (+ (count sym (first pt))  
              (count-ptree sym (rest pt)))])) 

;; count : Symbol Sexpr -> Nat 
;; Computes the number of times the given  
;; symbol appears in the given s-expression 

;; count-ptree : Symbol ProgTree -> Nat 

;; count-atom : Symbol Atom -> Nat 

(if (symbol=? sym a) 1 0) 



;; A RacketProg Sexpr is one of: 
;; - Atom 
;; - ProgTree 

;; An Atom is one of: 
;; - Number 
;; - String 
;; - Symbol 

;; A ProgTree is one of: 
;; - empty 
;; - (cons RacketProg Sexpr ProgTree) 

(define (sexpr-fn s)  
  (cond  
   [(atom? s) ... (atom-fn s) ...] 
   [else  ... (ptree-fn s) ...])) 

(define (atom-fn a)  
 (cond  
   [(number? a) ... ] 
   [(string? a) ... ] 
   [(symbol? a) ... ])) 

(define (ptree-fn t)  
  (cond  
   [(empty? t) ...] 
   [else  ... (sexpr-fn (first t)) ... (ptree-fn (rest t)) ...])) 


