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and other NP-Complete Problems 
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Last Time: NP

NP



Last Time:

NP



Last Time: NP SAT 

 NP  = {w | w is ???} 

w
w



• w = w1 … wn 

•

•

• nk

•

• nk 

•
 



•
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• i,j 

•
s ∈ C = Q ∪ Γ ∪ {#} 

 

• i,j,s xi,j,s 
•

•
• Number of cells * |C| =  
• nk * nk * |C| = O(n2k) 



• i,j 

•
s ∈ C = Q ∪ Γ ∪ {#} 

 

• i,j,s xi,j,s 
•

•
•  =  
• nk * nk * |C| = O(n2k) 

⇒ 
• TRUE 
⇐ 
• FALSE 





⇒ 
• xi,j,s = TRUE
• = FALSE 

⇐ 
•

TRUE
 i,j” 

s
TRUE s TRUE  

⇒ TRUE 
⇐ FALSE 



AND  

⇒ 
• xi,j,s = TRUE
• = FALSE 

⇐ 
•



⇒ TRUE 
⇐ FALSE 

w
#q0w1 … wn … # 



⇒ TRUE 
⇐ FALSE 

qaccept 

 

⇒ 
• xi,j,s = TRUE
• = FALSE 

⇐ 
• qaccept 

 



⇒ TRUE 
⇐ FALSE 

•
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•

•

•
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⇒ TRUE 
⇐ FALSE 

i,j = 
 

⇒ 
• xi,j,s = TRUE
• = FALSE 

⇐ 
•

 




δ 



⇒ TRUE 
⇐ FALSE 

i,j = 
 

⇒ 
• xi,j,s = TRUE
• = FALSE 

⇐ 
•

 

















• O(n2k) 

TRUE
 i,j” 

s
TRUE s TRUE  

O(n2k)



• O(n2k) 

AND  

O(nk)

O(n2k)



• O(n2k) 

O(nk)

qaccept

 

O(n2k)

O(n2k)



• O(n2k) 

O(nk)

O(n2k)

O(n2k)

O(n2k)



• O(n2k) 

O(nk)
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O(n2k)
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• : C NP
• NP , and 

• A NP C 

• A NP A C
• A B  

• B NP

• B C  
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•

C NP 

NP



 C NP

C NP

B, NP  

B C



C = 3SAT, 3SAT NP

3SAT NP

B, NP SAT 

B C

 C NP

C NP

B, NP  

B C



Flashback: SAT NP

n

<ϕ, c> c  ϕ 

• c ϕ

O(n) 

<ϕ> ϕ

•

• ϕ

O(n) 

3 
3 



C = 3SAT, 3SAT NP

3SAT NP

B, NP SAT 

SAT 3SAT

NP

C NP

B, NP  

B C







Flashback: SAT 3SAT 

ϕ 3CNF

ϕ CNF AND OR

OR AND

3CNF 


O(n) 

O(n) 

O(n) 

 

 



C = 3SAT, 3SAT NP

3SAT NP

B, NP SAT 

SAT 3SAT

NP

C NP

B, NP  

B C
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C = 3SAT CLIQUE, 3SAT CLIQUE NP

3SAT CLIQUE NP

B, NP SAT 3SAT 

B C

NP

C NP

B, NP  

B C



c
G  O(n2) 

Flashback:

n = # G 

c n 

c  

G O(n2) 



Flashback:

•
•
•

•
•

⇒ ϕ ∈ 3SAT
• TRUE

•
•  x1 = 0, x2 = 1 

⇐  ϕ ∉ 3SAT 
•

•

O(n) 

O(n2) 



C = 3SAT CLIQUE, 3SAT CLIQUE NP

3SAT CLIQUE NP

B, NP SAT 3SAT 

B C

NP

C NP

B, NP  

B C
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• SAT 3SAT

• 3SAT CLIQUE

NP
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Flashback: HAMPATH

•

•
•

• s t O(nn)

•
•

•
• O(n2)
• HAMPATH
• NP P 
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C NP

B, NP  

B C



HAMPATH NP

HAMPATH NP

B, NP  

B HAMPATH



3SAT



HAMPATH NP

HAMPATH NP

B, NP  

3SAT HAMPATH



3SAT
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•  k 

• 

• 

• 3k+1

  





k

•  k

• 

• 

• 3k+1

• xi cj  cj xi 

• xi cj  cj xi

 



HAMPATH NP

HAMPATH NP

B, NP  

3SAT HAMPATH



3SAT





k 3k

• 

• 

• 

• 3k+1

• xi cj  cj xi 

• xi cj  cj xi

O(k) 

O(k2) 

O(k) 

O(k) 
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O(k2) 



HAMPATH NP

HAMPATH NP

B, NP  

3SAT HAMPATH



3SAT









⇒
 

•  xi = TRUE xi 

 

•  xi = FALSE xi 

 

• xi cj TRUE  cj xi 
 

• xi cj TRUE  cj xi 
 

• TRUE cj

• TRUE FALSE  

cj

 





⇐
•

• cj

•

 

• xi  xi = TRUE

 

• xi  xi = FALSE 

 
 



HAMPATH NP

HAMPATH NP
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UHAMPATH NP

UHAMPATH NP

NP  

??? UHAMPATH

???

U 
un 

HAMPATH





UHAMPATH NP

UHAMPATH NP

NP  

HAMPATH UHAMPATH

???

U 
un 

HAMPATH







HAMPATH UHAMPATH 

•

•

U 
un 



HAMPATH UHAMPATH 

•

• 

•

• (u, v) (uout, vin) 

• s  sout, t  tin 

 

U 
un 

sout tin 



HAMPATH UHAMPATH 

⇒  

• s, v, t  

• sout, vin, vmid, vout, tin 

⇐ 

• s, v, t  

• sout, vin, vmid, vout, tin 

•  

U 
un 

vin vmid vout 

v t 

tin 
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sout 

v t s 

vin vmid vout tin sout 
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