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Hierarchy Theorems 



Announcements 

•
•

•
•

•
•

•



Flashback: SAT P

• SAT 

•



Last Time: 

L ⊂ NL = coNL ⊂ P ⊂ NP ⊂ PSPACE = NPSPACE ⊂ EXPTIME 

??? 

L ⊆ NL = coNL ⊆ P ⊆ NP ⊆ PSPACE = NPSPACE ⊆ EXPTIME 

L 

NL/coNL 

P ⊂ NP 

- NL ⊂ PSPACE  
- PSPACE ⊂ EXPSPACE 
- P ⊂ EXPTIME



• P ⊂ NP  

 

• SAT ∈ NP  
•  SAT  NP

 

• SAT ∉ P  
• SAT 
•
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•
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Flashback: O

n  



Flashback: o

• O ≤  

• o < 



??? 



Flashback: 

•



n

#2

#1  f(n) 

f(n)

O(f(n)) 



f(n) = n2 

n n n2 n2



f(n) = n2 

n n n2 n2



f(n) = n2 

n n n2 n2



n n n2 n2

f(n) = n2 



f(n) = n2 

1n n

•
• 1

• log(n) 

• n * n
•
• log2(n)

O(log2(n)) 

O(n2)

O(n) 

log n log n 



f(n) = nk 

1n n

•
• 1

• log(n) 

• k  n
•
• logk(n)

O(logk(n)) 

O(nk)

O(n) 

log n log n 





• A D O(f(n)) 

• D o(f(n)) 

•



Flashback:

D



Flashback: o(f(n))

D

M
o(f(n))

o(f(n))

reject 



• A D O(f(n)) 

• D o(f(n)) 

•

M o(f(n)) 
• D M f(n) 

M o(f(n)) n
• <M>

M
• f(n) 2f(n) 

• D M 2f(n) 

• M o(f(n)) 

D M 

<M> 

• D  M <M> 
o(f(n)) 

• M <M> D <M> 
•

• D o(f(n))  



f(n) 

2f(n)



• f2

• A O(f2(n)) o(f2(n)) 

• A ∈ SPACE(f2(n)) A ∉ SPACE(f1(n))  
• f1(n) = o(f2(n)) 

• SPACE(f1(n)) ≠ SPACE(f2(n)) 

• SPACE(f1(n)) ⊂ SPACE(f2(n))  

⊂



•

• nk

• k1 < k2
• SPACE(nk1) ⊂ SPACE(nk2) 
• nk1 = o(nk2) 

• c1 < c2 SPACE(nc1) ⊂ SPACE(nc2) 

• ε1 < c1 < c2 < ε2
• SPACE(nε1) ⊂ SPACE(nε2) 

 



• PSPACE = SPACE(nk) 

• EXPSPACE = SPACE(2^nk) 

• nk = o(2^nk) 

•

• A  O(2^nk) o(2^nk)

• A ∈ EXPSPACE  A ∉ PSPACE 

• EXPSPACE  PSPACE 

 



• NL = NSPACE(log n) 

•

• NL = NSPACE(log n) ⊆ SPACE(log2 n) 

•

• SPACE(log2 n) ⊂ SPACE(n) ⊂ SPACE(nk) = PSPACE 

 



• P ⊂ NP  

 

• SAT ∈ NP  
•  SAT  NP

 

• SAT ∉ P  
• SAT 

 



Flashback: PSPACE

2O(n^k) 



PSPACE ≤L

2O(n^k) 



• TQBF ∉ NL 

• TQBF PSPACE

• TQBF ∈ NL 
• PSPACE  NL 

• NL = PSPACE 

 
NL TQBF

NL



n

 t(n) 

t(n)

O(t(n)) 



t(n) = n2 

1n n
•

• 1

•
• log(n) 

• O(n log(n))

• n * n
•
• O(log2(n))

O(n log(n)) O(log2(n)) = O(n log(n)) 

O(n2)



t(n)



D t(n)

t(n)/log(t(n)) 
M 

P ⊂ NP









Check-in Quiz 12/6 


